Theorem 1. Given a number c ≥ 1, there exists a J-unitary operator V , such that: (c) there exist maximal strictly positive and strictly negative
In this paper we try to essencially refine some results of 0404071. So, the paper inherit the system of notations and definitions of 0404071. For the references, historical comments, etc., see 0404071 as well.
To specify the Problem, recall some definitions and facts Definition D1-1 Given an operator T and a number c, we write S(T, c) := {x ∈ H| ∃M ≥ 0 ∀N ≥ 0 T N x ≤ M c N }, r(T ) := spectral radius of T .
Remark R1-1 Given a linear bounded operator T and a T -invariant subspace L such that r(T |L) ≤ c, then
for any ǫ > 0.
Remark R1-2
The central theorem of this paper is Theorem 1. Given a number c ≥ 1, there exists a J-unitary operator V , such that:
(c) there exist maximal strictly positive and strictly negative
Proof . By the Lemma 6 below there exists an operator V in a separable (real or complex, as desired) Hilbert space, such that V is bounded, V −1 exists, is bounded, and
and the proof of (a), (b) is evident. To prove (c) apply Lemma 7. Now proof of (d 1 ). Suppose r( V |L 1 ) < r( V ). Put ǫ = r( V ) − r( V |L 1 ). Then ǫ > 0 and
Contradiction with L 1 = {0}. Proof of (d 2 ) is quite similar. ✷ Now the details.
Let {u n } n∈Z be a bilateral number sequence; we will suppose that u n = 0 for all n ∈ Z.
In this case let U denote the shift 1 that is generated by the formula
The general facts we need are these: Observation O2-1 One constructs the U as follows:
One starts extending the instruction ( * ) on the linear span of the {b n } n∈Z so that the resulted operator becomes linear. That extension is unique and defines a linear densely defined operator, which is here denoted by U min , and which is closable. The closure of U min is just the U . Now then, this U is closed and at least densely defined and injective; it has dense range and the action of
(for any integer N ) is generated by
In particular, U N is bounded just when the number sequence {|u n+N /u n |} n is bounded. Moreover,
The special factors we need are : Observation O2-2(revised) Let a > 0 be number. Then
Proof. The family {b n } n is an orthonormal basis. In addition
for all integers n. It follows that: Given f ∈ H 0 \ {0} and given some real M, a such that
On the other hand, if
and V be a bilateral weighted shift defined by
Suppose that ∃n 0 ≥ 0 so that
As a consequence
Apply the Observation O2-1 and obtain that for every N > 0
Suppose that ∃c > 0∃n 0 ≥ 0 so that
Let W be a bilateral weighted shift defined by
On the other hand W = 1 c V .
Suppose that ∃n 1 ≥ 0 so that
Well known
and r(V −1 ) ≤ 1 .
✷

Lemma 4 Let
On the other hand W = cV .
Suppose that ∃c ≥ 1∃n 0 ≥ 0 so that
Now apply the Lemma 2.
Lemma 6 Let
c ≥ 1
and note
and if
Now note that if x = 0 then
Then apply the Lemma 5 and obtain
The case c = 1 is obvious.
Now choose two sequences of integers defining them by
, and simultaneously
We see that no estimation of the form
On looking at the Observation O2-2, we see that
This is just what was to be proven. ✷
If in addition U and U −1 are bounded, then 
